We consider a vectorial Kerr-medium model including transverse spatial effects. We analyze cases in which, immediately above the threshold of the spatial instability, the homogeneous pump wave gives rise to two tilted waves corresponding to a stripe pattern in the near field. We analyze both the self-focusing and the selfdefocusing case and we point out the existence of anti-correlations between the quantum fluctuations of the intensity of the pump and the sum of the intensities of the two tilted waves creating the transverse pattern in the near field. We also evaluate the efficiency of this scheme as a quantum nondemolition ͑QND͒ scheme which uses the tilted waves as a ''meter'' to measure the intensity fluctuations of the pump. Our results show the posibility of a QND measurement in the self-defocusing case. In this case, and for a linearly polarized pump, the output pump beam ͑uniform in the transverse plane͒ and the pattern have orthogonal polarization and could be easily separated experimentally.
I. INTRODUCTION
It is well known that transverse optical patterns ͓1,2͔ are capable of allowing noteworthy aspects linked to quantum fluctuations ͓2,3͔. These issues have been mainly studied in a model of a cavity filled with Kerr medium and driven by a plane wave input field ͓3-5͔, in degenerate optical parametric oscillators ͓6-17͔, and in cavityless configurations for (2) ͓15,18-23͔ and (3) ͓24,25͔ media. The results of most of these papers are related to phenomena of quantum noise reduction or squeezing and to spatial quantum correlations; few of them discuss Einstein-Podolsky-Rosen aspects ͓13,16͔. In the case of cavity systems, quantum phenomena arise both above ͓3,4,10,16͔ and below ͓6-9,11-15͔ the threshold for spontaneous pattern formation.
The original Kerr-medium model, formulated in ͓26͔ for a scalar electric field, has been generalized to include the vectorial character of the field ͓27͔. Assuming an x-polarized input field, the generalized model displays a richer scenario of pattern forming instabilities that we describe below.
In the self-focusing case the system develops an instability that is formally identical to that of the scalar model ͓26͔. In the case of two transverse dimensions it leads to the formation of a hexagonal pattern ͓4͔; while in the case of one transverse dimension, as can be obtained by imposing a waveguide configuration, it leads to the formation of a stripe pattern in the near field. In the far field, this stripe pattern corresponds to a three-spot structure ͓1,2͔, in which the central spot arises from the axial pump beam ( P), while the other two spots arise from two beams (M 1 and M 2 ) generated by the spatial instability and propagating symmetrically with respect to the axis of the system ͑Fig. 1͒.
In the self-defocusing case, on the other hand, the system develops an instability, absent in the scalar model ͓26͔, leading to the formation of two y-polarized beams M 1 and M 2 ͓27,28͔. In one or two transverse dimensions, the picture still corresponds to that of Fig. 1 , in this case, however, the output pump beam P out is x polarized, while the beams M 1 and M 2 are y polarized. Hence in the near field the configuration of the output field ͑of frequency 0 as the input field͒ is such that the y-polarized component corresponds to a stripe pattern, whereas the x -polarized component is uniform in the transverse plane exactly as the input field.
In general pattern formation processes, the spatial instability is associated with a definite ''critical'' wave number k c , which characterizes the periodicity of the pattern that arises immediately above the instability threshold ͓1,2͔. Precisely, this pattern is given by a linear combination of plane waves exp(ik ជ
•r ជ ) ͓r ជ ϵ(x,y) is the position vector in the transverse plane, and k ជ ϵ(k x ,k y ) is the wave vector͔, where k ជ belongs to the critical circle ͉k ជ ͉ϭk c . The selection of a dis-*URL: http://www.imedea.uib.es/PhysDept/ FIG. 1. Cavity with plane mirrors 1 and 2 contains the Kerr medium K. P in is the monochromatic input pump field, which has a plane-wave configuration and frequency 0 . The input/output mirror 1 has a high reflectivity, while mirror 2 is completely reflecting. In addition to the output pump beam P out , the spatial instability generates the two off-axial meter beams M 1 and M 2 of frequency 0 . Hence, the far field has a three-spot structure.
PHYSICAL REVIEW A FEBRUARY 1999 VOLUME 59, NUMBER 2 PRA 59 1050-2947/99/59͑2͒/1622͑11͒/$15.00 1622 ©1999 The American Physical Society crete set of wave vectors within this ring is a nonlinear process in which the correlations among the wave vectors play the crucial role. In the case of optical systems, the nonlinear process corresponds to the simultaneous absorption and emission of a number of photons, which gives rise to correlations of quantum nature. This is the very origin of the quantum aspects that characterize nonlinear optical patterns against spatial patterns in other fields.
In most of the analysis of quantum effects in nonlinear optical patterns in the configuration shown in Fig. 1 , the interesting effects arise from the correlations between the two beams M 1 and M 2 . In this paper, instead, we study the correlation between the pump beam and the pattern beams which turn out to be anticorrelated as previously shown within a classical framework ͓29͔. This anticorrelation arises from the fact that in each elementary nonlinear process in Fig. 1 two photons of the pump beam are converted in one photon of beam M 1 and one photon of beam M 2 . We perform this analysis in the framework of the vectorial Kerrmedium model, above the threshold of the spatial instability, both in the self-focusing case for one transverse dimension and in the self-defocusing case for one or two transverse dimensions. Immediately above threshold, we can use a simplified quantum model, in which the pump beam as well as beams M 1 and M 2 are described by single plane waves, of wave number 0 for the pump and wave number k c for the
We analyze the anticorrelation using the concepts of quantum nondemolition ͑QND͒ measurements ͓30͔. Precisely, we consider the beams M 1 and M 2 as meter beams to measure the quantum fluctuations of the pump beam that we will also call the signal beam. By thinking of the QND device as a ''black box'' with incoming and outgoing fields, QND measurements are characterized by three correlation coefficients: C s , C m , and V s͉m relating the quantum fluctuations of the fields that enter or exit the black box ͓30,31͔.
The first coefficient C s measures the correlation between the incoming and the outgoing signal field that is the pump beam in our case. Such correlation is complete only for a perfectly nondestroying measurement for which C s ϭ1.
The second coefficient C m measures the correlation between the incoming signal and the outgoing meter, represented in our case by the two tilted waves M 1 and M 2 of Fig.  1 . For C m ϭ1 the correlation is complete, so that by performing a direct measurement on the meter we perform an ideally accurate measurement of the incoming signal's fluctuations.
Finally the third coefficient V s͉m quantifies the correlation between the outgoing signal and the outgoing meter. More precisely, due to its definition, V s͉m represents the residual quantum noise in the outgoing signal once all the noise correlated to the outgoing meter has been subtracted; so that for a perfect correlation between the outgoing meter and outgoing signal one has V s͉m ϭ0. In our case we study the conditional variance which links the intensity of the pump wave and the sum of the intensities of the two meter waves M 1 and M 2 . The quantum nature of the correlation becomes manifest when the conditional variance becomes smaller than unity; once again this means that by measuring the intensity fluctuations of the meter beams M 1 and M 2 and by introducing an appropriate feedback loop, one can reduce the fluctuations of the pump beam below the shot-noise level ͓30,31͔. The complete QND regime is reached when, in addition to V s͉m Ͻ1, one has C s ϩC m Ͼ1 ͓30,31͔.
The outline of this paper is as follows. In Sec. II we derive the quantum-mechanical model for a Kerr medium with the polarization degree of freedom. In Sec. III we calculate the correlations between the quantum fluctuations of the different modes. The analysis shown in Secs. II and III is general and describes both self-focusing and self-defocusing cases. In Sec. IV we discuss our results for both cases. Finally, in Sec. V we summarize the work presented here and give some concluding remarks.
II. VECTORIAL KERR-MEDIUM MODEL
In this section we derive the quantum-mechanical counterpart of a semiclassical model ͓27-29͔ which accounts for the polarization degree of freedom of the electric field in an optical cavity filled with an isotropic (3) nonlinear medium. The semiclassical equations that describe the behavior of the electric field E ជ inside the cavity are
where E ϩ (E Ϫ ) is the circularly right ͑left͒ polarized component of the field, E 0Ϯ are the components of the input field, takes the value 1 ͑-1͒ for the self-focusing ͑self-defocusing͒ case, 0 is the cavity detuning, a is the strength of diffraction, ٌ 2 is the transverse Laplacian, is the cavity decay rate, and ␣ and ␤ ͓32͔ are parameters associated with the nonlinear susceptibility tensor (3) . Since we are considering an isotropic medium, ␣ϩ␤ϭ2 ͓33͔. The scalar case described in ͓3,26͔ can be recovered from Eq. ͑1͒ taking E ϩ ϭE Ϫ , and rescaling the electrical field amplitude.
A. Stability analysis of the homogeneous solution
The steady-state homogeneous solutions of Eq. ͑1͒ are reference states from which transverse patterns emerge as they become unstable. We will consider an x linearly polarized input field, i.e., E 0ϩ ϭE 0Ϫ ϭE 0 . In this case the homogeneous solution is also x polarized, with E sϩ ϭE sϪ ϭE s , and is given by the implicit equation
where I p ϭ2͉E 0 ͉ 2 and I s ϭ2͉E s ͉ 2 . As is well known Eq. ͑2͒ implies bistability for 0 Ͼͱ3.
Basic features of the stability of the steady-state homogeneous solutions can be analyzed by considering the evolution equations for perturbations Ϯ defined by
From Eqs. ͑1͒ and ͑3͒ the linearized equations become
where tЈϭt is the dimensionless time.
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It is convenient to make a change of variables to the following basis ͓27,28͔:
In this basis, which emphasizes the role of symmetric ( ϩ ϭ Ϫ ) and antisymmetric ( ϩ ϭϪ Ϫ ) modes, Eq. ͑4͒ may be written as
where the linear matrix ͑in Fourier space͒ is
L is a matrix with 2ϫ2 blocks in which the symmetric and antisymmetric modes are decoupled. As a consequence the linear instabilities lead to the growth of either a symmetric or an antisymmetric mode. The eigenvalues of L are ͓27͔
For the self-focusing case the homogeneous solution becomes unstable for I s c ϭ1 with a critical wave number given by ak c 2 ϭ2Ϫ 0 . The instability comes from the 1 , 2 box of the linear matrix L in Eq. ͑7͒. The critical mode is therefore symmetric and x polarized.
In the self-defocusing case the homogeneous solution becomes unstable for I s c ϭ1/(1Ϫ␣) and the critical wave number is given by ak c 2 ϭ 0 Ϫ␣/(1Ϫ␣). The instability comes from the 3 , 4 box of L, so that the critical mode is an antisymmetric mode and y polarized.
B. Quantum formulation
The approach that we follow to obtain the quantummechanical version of Eq. ͑1͒ is described in ͓3͔, where the scalar model was studied. We assume periodic boundary conditions in the transverse plane in a square of side b for the self-defocusing case or a segment of length b for the selffocusing case. The master equation for the density operator is
The dot designates derivatives with respect to the dimensionless time tЈϭt. The Liouvillians ⌳ n ជ Ϯ are
where â n ជ ϩ † and â n ជ ϩ (â n ជ Ϫ † and â n ជ Ϫ ) are the creation and annihilation operators of circularly right ͑left͒ polarized photons with wave vector k ជ ϭ(2/b)n ជ , where n ជ ϭ(n x ) for the self-focusing case and n ជ ϭ(n x ,n y ) for the self-defocusing case, with n x , n y ϭ0, Ϯ1, Ϯ2, . . . .
The Hamiltonian is the sum of three parts HϭH 0 ϩH ext ϩH int . The free Hamiltonian is given by
The mode detuning n is given by n ϭ 0 ϩ4 2 an 2 /b 2 where nϵ͉n ជ ͉. The external Hamiltonian representing the driving field is
where ␣ IϮ ϭE 0Ϯ /ͱg, g being the absolute value of the coupling constant, defined as gϭ2C/(͉⌬͉ 3 N s ). C is the bistability parameter, ⌬ is the atomic detuning, and N s is the saturation parameter ͓3͔. In our definition g is always positive, the sign being denoted by which is ϩ1 for selffocusing and Ϫ1 for self-defocusing. Finally, the modes represented by the operators â n ជ Ϯ are coupled via the interaction Hamiltonian,
where A Ϯ (x,y) is proportional to the field envelope and
with r ជ ϵ(x,y). Equation ͑1͒ can be recovered from the evolution equation for the operator A Ϯ , by taking E Ϯ /ͱg ϭ͗A Ϯ ͘ and using the semiclassical approximation ͗AB͘ ϭ͗A͗͘B͘, where A and B are quantum operators.
In this work we are going to consider only the case of linearly polarized input field and we restrict ourselves to the case 0 Ͻͱ3, where the homogeneous solution is monostable. As described in the Introduction and in Sec. II A, the linear stability analysis of the semiclassical equations shows different scenarios in the self-focusing or in the self-defocusing case. In the first one, when the homogeneous solution becomes unstable, a hexagonal pattern is formed in systems with two transverse dimensions, while for systems with one relevant transverse dimension, a stripe pattern emerges. When the input is linearly x polarized, the linear stability analysis shows that the pattern produced above threshold is also x polarized. In the second case ͑self-defocusing͒, a stripe pattern develops, and, if the input is x polarized, the pattern is polarized in the y direction.
In the two cases in which stripes are formed, the field can be described near threshold in terms of only three transverse modes for each polarization component of the field: the homogeneous one, and two with wave vectors ϩk ជ c and Ϫk ជ c . Labeling these three modes 0, 1, 2, we have
Since we will consider a linearly polarized input, for definiteness along the x direction, it is convenient to use a base where the modes are linearly polarized. We introduce the following change of variables: â i ϭ(â iϩ ϩâ iϪ )/ͱ2 (x polarized͒ and b i ϭ(â iϩ Ϫâ iϪ )/ͱ2 (y polarized͒. On this basis, the fields A ϩ and A Ϫ are
͑17͒
The free Hamiltonian becomes
The external Hamiltonian is 
͑21͒
cross phase modulation,
and self-phase modulation,
where we have used the relation ␤ϭ2Ϫ␣.
In the self-focusing case (ϭ1), if we set b 0 ϭb 1 ϭb 2 ϭ0, these Hamiltonians are independent of ␣ and become identical to those of the scalar case ͓3,34͔.
III. QUANTUM FLUCTUATIONS
We are interested in the quantum correlations between the intensity fluctuations of the pump mode â 0 and the fluctuations in the sum of the intensities of the two transverse modes â 1 and â 2 ͑self-focusing͒ or b 1 and b 2 ͑self-defocusing͒. Due to the structure of the Hamiltonian, we expect to find strong correlations between these variables near the threshold for the pattern formation.
The time evolution equations in the semiclassical approximation are obtained by factoring mean values of products into products of mean values. In the following we indicate by a i , b i (iϭ0,1,2) the mean values ͗â i ͘ and ͗b i ͘ of the corresponding operators (a i * , b i * are their complex conjugates͒.
For the self-focusing case we look for stationary solutions polarized in the x direction, b i s ϭ0. From the evolution equations, for the stationary solution, we obtain 0ϭ͓2a 0 *a 1 a 2 ϩa 0 *a 0 2 ϩ2a 0 ͑ a 2 *a 2 ϩa 1 *a 1 ͔͒ig
0ϭ͓a 2 *a 0 2 ϩa 1 *a 1 2 ϩ2a 1 ͑ a 2 *a 2 ϩa 0 *a 0 ͔͒igϪ͑1ϩi 1 ͒a 1 .
͑25͒
0ϭ͓a 1 *a 0 2 ϩa 2 *a 2 2 ϩ2a 2 ͑ a 1 *a 1 ϩa 0 *a 0 ͔͒igϪ͑1ϩi 1 ͒a 2 .
͑26͒
Here 
Using the relation ͑27͒ in Eq. ͑24͒ we find for the pump intensity ␣ I 2 and the phase 0
͑30͒
Finally, the amplitudes of the stationary solution I 1 and I 0 are obtained solving simultaneously the implicit equations ͑28͒ and ͑29͒ for a given pump ␣ I . The phases 0 and are given by Eqs. ͑30͒ and ͑27͒, respectively. Note that this only fixes the value of the sum 1 ϩ 2 , not the individual values 1 , 2 . In order to deal with intensity and phase fluctuations, it is convenient to introduce the variables ā i ϭa i exp(Ϫi i ) (i ϭ0,1,2), where i are the stationary values of the phases ( 1 and 2 are chosen arbitrarily with the link that 1 ϩ 2 has the correct value͒. For simplicity, we drop the bar in the rest of the paper. We now separate the mean value and the fluctuations as 
where now is defined as ϭ2 0 Ϫ 1 Ϫ 2 .
As we did before, we introduce the variables ā 0 ϭa i exp(Ϫi 0 ), b i ϭb i exp(Ϫi i ) (iϭ1,2), and we drop the bar in the rest of the paper, for simplicity. We then set a 0 ͑ t ͒ϭͱI 0 /gϩ␦a 0 ͑ t ͒,
Linearizing with respect to the fluctuations, we obtain in this case a closed set of equations for ␦a 0 , ␦b 1 , and ␦b 2 which reads ␦ȧ 0 ϭϪ͑1Ϫi 0 ͒␦a 0 Ϫ2i͑I 0 ϩ␣I 1 ͒␦a 0 Using the linearized equations, we calculate the drift matrix A and the diffusion matrix D for the classical-looking Fokker-Planck equation in the P representation, using the indexes 1, . . . ,6 for the components of the vector ␥ ជ ϭ(␦a 0 ,␦a 0 * ,␦a 1 ,␦a 1 * ,␦a 2 ,␦a 2 *) for the self-focusing case or ␥ ជ ϭ(␦a 0 ,␦a 0 * ,␦b 1 ,␦b 1 * ,␦b 2 ,␦b 2 *) for the selfdefocusing case. The elements of matrices A and D are given in the Appendix.
It is then straightforward to calculate the spectral matrix M ͓35͔:
and the response matrix R ͓36͔:
where C is the matrix of the equal time commutators C i, j ϭ͓͗␥ i ,␥ j ͔͘. From matrices M and R all quantum correlations can be obtained. We are interested in the intensity fluctuations of the three relevant modes. In the linearized regime, instead of intensity fluctuations one can equivalently consider the fluctuations of the quadrature components which correspond to the amplitudes. Since there is no input ͑apart from vacuum noise͒ for modes 1 and 2, the output phase coincides with the intracavity phases 1 and 2 for these modes, so that the amplitude quadrature components are X 1 and X 2 , in the sense that the fluctuations ␦I i are equal to 2ͱgI i ␦X i (iϭ1,2, I 1 ϭI 2 ). So, the fluctuations in the sum I 1 ϩI 2 correspond to the noise in the quadrature component X ϩ out , defined in the self-focusing case as X ϩ out ϭ(a 1 ϩa 1 *ϩa 2 ϩa 2 *)/ͱ2 and in the selfdefocusing case as X ϩ out ϭ(b 1 ϩb 1 *ϩb 2 ϩb 2 *)/ͱ2. For the pump mode 0, instead, there is a nonvanishing input field and therefore the output phase is different from the intracavity phase 0 . The intensity fluctuations correspond to the noise in the quadrature component We are interested in the conditional variance of X 0 given the result of a measurement on X ϩ ͓31͔: 
͔. ͑49͒
With these definitions, the shot noise is normalized to 1. For a QND measurement one requires that the information gained by the measurement is sufficient to reduce the fluctuation of the signal beam ͑pumping͒ below the shot-noise level, corresponding to V s͉m ͓X 0 out ͉X ϩ out ͔Ͻ1. Additionally, we study how the fluctuations are transferred from the signal input to the signal output ͑the nondemolition character of the measurement͒, and from the signal input to the meter output or pattern modes ͑accuracy of the measurement͒. We consider the normalized correlations, first introduced in ͓31͔, defined as 
IV. RESULTS
We present first the results concerning the self-focusing case (ϭ1). From the stability analysis of the continuous semiclassical model ͓26͔ we know that the first modes that become unstable are characterized by a critical wave number k c ϭͱ(2Ϫ 0 )/a. So, from Eq. ͑19͒ we obtain that the detuning of the critical modes is 1 ϭ2. For ϭ1 the Hamiltonians ͑18͒-͑23͒ are independent of ␣ so that in the selffocusing case we are left with only one free parameter 0 , which can be adjusted to optimize the results. However, its value cannot exceed 41/30 for the pattern formation bifurcation to be supercritical ͓26͔, which guarantees that the amplitude of the pattern modes is small close to threshold.
We show an example of the three-mode steady-state solution in Fig. 2 for 0 ϭ1.3 . As shown in the figure, the instability threshold for pattern formation takes place at I p th ϭg␣ Ith 2 ϭ1.1. We take a value for the pump I p ϭg␣ I 2 ϭ1.3 which is close to the threshold and for which I 1 ϭ0.04. In Fig. 3 we plot the squeezing spectra S X 0 out and S X ϩ out for these values of 0 and I 1 . As shown in the figure, the squeezing spectrum S X ϩ out never goes below the shot-noise level (S X ϩ out ϭ1), so there is no squeezing in the fluctuations of the sum of the tilted modes. Fluctuations in the the homogeneous mode go slightly below shot-noise level for frequencies ͉͉ Ͼ1.2. Note that as we have scaled the time with , is a dimensionless frequency. The actual frequency would be . Figure 4 shows the result for the correlation between the outgoing signal and the outgoing meter V s͉m ͓X 0 out ͉X ϩ out ͔, between the incoming and the outgoing signal C s , and between the incoming signal and outgoing meter C m . We find that V s͉m ͓X 0 out ͉X ϩ out ͔ lies in the QND domain for frequencies ͉͉ Ͼ0.2, although it never reaches values smaller than 0.75. Still the fact that it is below shot-noise level indicates that a self-focusing Kerr medium can be used for quantum state preparation of the homogeneous output mode by acting on the quantum state of the meter modes. On the other hand, the condition C s ϩC m Ͼ1 is not fulfilled, indicating a poor correlation between the incoming and outgoing signal and meter. This fact precludes the possibility of a QND measurement of the fluctuations of the input pump beam by using the fluctuations of the output tilted modes as meter. Similar or worse results are obtained for other values of the detuning 0 within the range 0 Ͻ41/30.
The results for the correlation V s͉m improve significantly if we consider the correlation between X ϩ out and the quadrature component X 0 instead of X 0 out , where X 0 ϭa 0 ϩa 0 † cor- responds to the amplitude quadrature inside the cavity. X 0 can be described as a linear combination of the amplitude and phase quadratures of the field outside the cavity. Therefore it can be observed using a local oscillator instead of performing a direct intensity detection. The conditional variance V s͉m ͓X 0 ͉X ϩ out ͔ exhibits, for zero frequency, a minimum much more pronounced than that of V s͉m ͓X 0 out ͉X ϩ out ͔, with values smaller than 0.3 for the same values of the detuning and pump used before.
For the self-defocusing vector case (ϭϪ1), the linear stability analysis of the semiclassical equations ͓27,28͔ shows that the first transverse modes that become unstable have a wave number k c ϭͱ͓ 0 Ϫ␣/(1Ϫ␣)͔/a, and 1 ϭ␣/(1Ϫ␣). In this case we therefore have two free parameters, ␣ and 0 . We need to keep 0 Ͻͱ3, to avoid bistability of the homogeneous solution, and 0 Ͼ 1 , in order to have a nonzero critical wave number. We first consider the case ␣ϭ1/4, which is a typical value for a liquid Kerr medium, so that ␤ϭ7/4 and 1 ϭ1/3. Figure 5 displays the steady-state value for I 1 and I 0 as functions of the input field I p for 0 ϭ1.7. In this case the threshold for pattern formation is located at I p th ϭ1.51. Figure 6 shows the squeezing spectra close to threshold, I p ϭ1.76, so that I 1 ϭ0.06. The spectrum of fluctuations for the sum of the y-polarized tilted modes is very similar to the one obtained in the self-focusing case and it does not go below the shot-noise level. The spectrum of fluctuations for the output homogeneous x-polarized mode does in fact go below shot-noise level for frequencies ͉͉Ͼ0.8, reaching a minimum value of S X 0 outϭ 0.4. Figure 7 shows the correlations V s͉m ͓X 0 out ͉X ϩ out ͔, C s , and C m for the self-defocusing case. Particularly interesting is that despite the fact that there is no squeezing for X 0 at ϭ0, the correlation between the outgoing signal and the outgoing meter is clearly below the shot-noise level. These strong correlations are the quantum counterpart of the ones found classically in the far field between the fluctuations in the x-polarized pump beam and the fluctuations in the y-polarized modes with wave vectors Ϯk ជ c ͓29͔. The result for V s͉m ͓X 0 out ͉X ϩ out ͔ implies that we can use a vectorial selfdefocusing Kerr medium to prepare a state of the homogeneous output mode with known fluctuations. Compared with the self-focusing case, the advantage is that now the correlations are much stronger (V s͉m ͓X 0 out ͉X ϩ out ͔ reaches a minimum value of 0.13). What is more important is that now the coefficients C s and C m satisfy the condition C s ϩC m Ͼ1 for the range of frequencies ͉͉Ͻ0.4. In this range of frequencies a QND measurement of the x-polarized input fluctuations can be done using the y-polarized pattern modes as meter.
Decreasing the value of the detuning 0 , the results for V s͉m ͓X 0 out ͉X ϩ out ͔, C s , and C m become worse. However, for pumping levels close to the pattern formation instability threshold, the conditions for a QND measurement are fulfilled in the range ͱ3у 0 Ͼ1.6. On the other hand, the results for the correlations V, C s , and C m can be improved if we consider different values of the nonlinear coefficient ␣. For example, for ␣ϭ0.15 and detuning 0 ϭ1.7, the pattern formation instability threshold takes place at I p th ϭ1.50. For pump intensity I p ϭ1.73, so that I 1 ϭ0.06, we have almost perfect QND conditions, that is, V s͉m ͓X 0 out ͉X ϩ out ͔ is close to 0 and C s ϩC m close to 2 at ϭ0 ͑see Fig. 8͒ .
V. SUMMARY AND CONCLUSIONS
We have studied the quantum correlation between the fluctuations of the pump and the fluctuations of the transverse modes above the threshold for spatial instability in a Kerr medium, including also the polarization degree of freedom. We have considered two cases in which a stripe pattern is formed when the system is pumped with a linearly x-polarized input field. In the first case we consider a transverse one dimensional self-focusing Kerr medium and the stripe pattern is also linearly x polarized. In this case the polarization degree of freedom plays no role ͑scalar case͒. In the second case ͑vectorial case͒ we consider a transverse bidimensional self-defocusing Kerr medium and the stripe pattern is orthogonally polarized to the pump. In both cases our theoretical description is reduced to a three-mode model: a homogeneous mode corresponding to the pump and two modes associated with the transverse pattern.
While in both cases we found anticorrelations between the quantum fluctuations of the pump intensity and the sum of the intensities of the stripe pattern, they turn out to be much stronger in the vectorial case. We have analyzed the possibility of using the system as a QND device taking the beams associated with transverse stripe pattern as meter beams to measure the fluctuations of the pump beam. We have calculated the three correlation coefficients that measure correlations between incoming and outgoing signal ͑pump͒, between incoming signal and outgoing meter, and between outgoing signal and outgoing meter. We have shown that all the conditions for a QND measurement are satisfied in the vectorial case within a range of parameters. The best results were obtained for detunings close to bistability.
Our results confirm the possibility of a QND measurement in a quantum structure ͓37͔ where the cause of the pattern formation is a polarization instability and where quantum correlations between pump and meter can be physi- For the range of parameters that we have explored, the quantum nature of the anticorrelation between signal and meter is also manifested for the scalar case. This can be used for quantum state preparation of the homogeneous component of the output field by acting on the meter modes. However, the fact that the QND conditions for correlations between the incoming and outgoing fluctuations of the signal and between the incoming signal fluctuations and outgoing meter fluctuations are not satisfied precludes the possibility of a QND measurement in this case.
